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Abstract. In this paper, we consider high-level structures like graphs,
Petri nets, and algebraic specifications and investigate two kinds of sat-
isfiability of conditions and two kinds of rule matching over these struc-
tures. We show that, for weak adhesive HLR categories with class A of
all morphisms and a class M of monomorphisms, strictly closed under
decompositions, A- and M-satisfiability and A- and M-matching are ex-
pressively equivalent. The results are applied to the category of graphs,
where M is the class of all injective graph morphisms.

1 Introduction

Conditions are most important for high-level systems in a large variety of applica-
tion areas, especially in the area of safety-critical systems e.g. the specification
of railroad control systems [8] and access control policies [11]. Conditions are
properties on morphisms or objects which have to be satisfied.

Adhesive HLR systems, introduced in [6] are a new version of high-level re-
placement systems, combining HLR systems in the sense of [5] and adhesive
categories [12]. Weak adhesive HLR categories consist of a category and a class
M of monomorphisms and can be applied to all kinds of graphs, Petri nets, and
algebraic specifications.

In this paper, we investigate rules and conditions on high-level structures and
speak on A-matching if the match of the rule is arbitrary and on M-matching
if the match is in M. Accordingly, we speak on A-satisfiability of a condition if
the required morphisms are arbitrary and on M-satisfiability if they are in M.
In the literature, nearly every combination of matching and satisfiability occurs.
The different concepts have their advantages and disadvantages: A-matching
and A-satisfiability allow a compact representation of a set of similar rules and
conditions, but this might be a source of error. M-matching and M-satisfiability
restrict the allowed morphisms, allow counting, are flexible and intuitive, but one
may need sets of similar rules and conditions.

We systematically investigate the matching and satisfiability notions with the
aim to find a simple transformation for switching from one notion to the other.
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We show how to transform conditions from .A- to M-satisfiability such that a
morphism A-satisfies a condition if and only if it M-satisfies the transformed
condition and from M- to A-satisfiability such that a morphism M-satisfies
a condition if and only if it A-satisfies the transformed condition, provided
that the class M is strictly closed under decompositions. This is an important
step for connecting conditions traditionally considered with M-satisfiability with
Rensink’s graph predicates [13] and first order formulas, whose satisfiability no-
tions have to be classified as A-satisfiability: E.g., the semantics of formulas is
concerned with arbitrary assignments of variables to values, i.e. an assignment
is a not necessarily injective function from variables to the domain.

Moreover, we investigate M-matching of rules in the framework of weak adhe-
sive HLR categories and present two Simulation Theorems, saying that direct
derivations can be simulated by direct derivations with M-matching and vice
versa. The transformations are illustrated by examples in the category of graphs
where M is the class of all injective graph morphisms.

A-satisfiability A-matching
M H A Q H R
M-satisfiability M-matching

The paper is organized as follows. In Section 2, we recall the notions of conditions,
rules, and direct derivations in the framework of weak adhesive HLR categories.
In Section 3, we show that, for weak adhesive HLR categories with M-initial
object and M strictly closed under decompositions, A-satisfiability and M-
satisfiability are expressively equivalent. In Section 4, we distinguish between A-
matching, where the match is allowed to be arbitrary, and M-matching, where
the match must be in M, and show that, for weak adhesive HLR categories
with M strictly closed under decompositions, .A-matching and M-matching are
expressively equivalent. A conclusion including further work is given in Section 5.

2 Conditions and rules

In this section, we review the definitions of conditions and rules for high-level
structures like graphs, Petri nets, and algebraic specifications. We use the frame-
work of weak adhesive HLR categories. For a detailed introduction see [6,4].

Assumption. We assume that (C, M) is a weak adhesive HLR category.

Ezample 1. The category (Graphs, M) of directed graphs, where M is the class
of all injective graph morphisms, is a weak adhesive HLR category.

Definition 1 (conditions). A condition over an object P is of the form Ja or
I(a,c) where a: P — C is a morphism and ¢ is a condition over C. Moreover,
Boolean formulas over conditions [over P] are conditions [over P]. A morphism
p: P — G satisfies a condition Ja [I(a, ¢)] if there exists a morphism ¢:C — G



in M with q o a = p [satisfying ¢|. An object G satisfies a condition Ja [I(a, c)]
if all morphisms p: P — G in M satisfy the condition.
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The satisfaction of conditions is extended onto Boolean conditions in the usual
way. We write p Eaq ¢ or p £ ¢ [G | ¢] to denote that morphism p [object G]
satisfies ¢. Two conditions ¢ and ¢’ over P are equivalent on morphisms, denoted
by ¢ = ¢, if, for all morphisms p: P — G, p = cif and only if p = ¢/.

Remark 1. The conditions in Definition 1 correspond to nested constraints and
application conditions in [8] and they subsume the previous notions of constraints
and application conditions in [3].

In the definition, the required morphisms have to be in M. We sometimes speak
of M-satisfiability. Besides M-satisfiability, one may investigate A-satisfiability,
where the required morphisms are allowed to be arbitrary, i.e. in A, where A
denotes the class of all morphisms. The definition is obtained from the one
of M-satisfiability, by replacing all occurrences of M by A resp. deleting all
occurrences of “in M”. We write =4 to denote A-satisfiability.

Conditions of the form Jid and —3id with identity id: P — P are abbreviated by
true and false, respectively. It turns out that, for every condition ¢, 3(id, ¢) = ¢.

Ezxample 2. In the category of graphs, the meaning of the following conditions
for a graph morphism w.r.t. M-satisfiability is:

ﬁﬂ((lj (2) — (PE:(;) There do not exist parallel edges between the images of 1, 2.
H(Q — Sp) The image of 1 has n outgoing edges to different nodes.

Sy, denotes a star with n outgoing edges.
—EI((IJ — Sp+1)  The image of 1 does not have n+1 outg. edges to diff. nodes.

IO O— F,) There is a simple path of length n connecting the im. of 1, 2.
1 2
P,, denotes a simple path of length n between the im. of 1, 2.

M-satisfiability restricts the kind of morphisms: no identification of nodes and
edges is allowed. If one wants to have a condition ¢ with arbitrary satisfia-
bility, one has to add the so-called quotient conditions of ¢ to the system.
M-satisfiability allows to express explicit counting such as the existence/non-
existence of n nodes or edges or a simple path of length n.

The meaning of the condition for a graph morphism w.r.t. A-satisfiability is:

3((1) — (I}—O) There exists an outgoing edge (proper edge or loop).

A-satisfiability allows a compact representation of a set of similar conditions. On
the other hand, A- satisfiability may lead to misinterpretations of conditions.



The meaning of the condition 3(O — (P(O) for a graph morphism w.r.t. M-,
X- (class of all edge-injective grap]h morphisms), and A-satisfiability is:

There exist at least two proper outgoing edges to different nodes.
There exist at least two outgoing edges (proper edges and/or loops).
There exists at least one outgoing edge (proper edge or loop).

A-satisfiability may be seen as the complement to M-satisfiability. Both notions
have their advantages as well as their disadvantages: E.g. M-satisfiability allows
explicit counting, but conditions get complex, if it is undesired to distinguish
elements. For each notion there exist examples of properties, for which the con-
ditions get complex when expressed by the other notion, so none is better than
the other.

We consider rules with application conditions [3,8]. Examples and pointers to
the literature can be found in (2,1, 7].

Definition 2 (rules). A plain rule ¢ = (L «— K — R) consists of two morphisms
in M with a common domain K. L is called the left-hand side, R the right-hand
side, and K the interface. An application condition ac = (acr,,acg) for g consists
of two conditions over L and R, respectively. A rule p = (g, ac) consists of a plain
rule ¢ and an application condition ac for q.

L<-—K——R
ml ) l ) lm*
G=~=—D—H

Given a plain rule ¢ and a morphism K — D, a direct derivation consists of two
pushouts (1) and (2). We write G =4 m m+ H, G =4 H, or short G = H and say
that m is the match and m* is the comatch of ¢ in H. We speak of an A-match
(A-matching) if m is arbitrary and of an M-match (M-matching) if m is in M.
Given a rule p = (g, ac), there is a direct derivation G = ym.m= H in (X,Y) with
X, Y in {AM}if G=¢mm- H, me X, mEy acg, and m* =y acg. Given a
set of rules R, we write G = H if there is a rule p in R such that G =, H.

Ezample 3. The meaning of the following rules w.r.t. M-matching is:

Add =(00 « OO —O+=0) Addition of a proper edge.
Delete = (O~O«— OO — O O) Deletion of a proper edge.
Delete; = (OO «+— OO — O O) Deletion of two parallel proper edges.

where an edge is proper if its source and target are different.

M-matching restricts the applicability of the rule: no identification of nodes and
edges is allowed. The addition and deletion of a loop, for example, requires to
explicitly consider the corresponding quotient rules of Add and Delete. Moreover,
M-matching allows explicit counting such as the deletion of n nodes or edges.



The meaning of the following rules w.r.t. A-matching is:

Add ={(00 « OO0 — 0O=0) Addition of an edge (proper edge or loop).
Delete = {(O~O«— OO — OO) Deletion of an edge (proper edge or loop).
Delete; = (020 «+— OO — O O) Deletion of two edges (proper or loops).

A-matching allows a compact representation of a set of similar rules. Every rule
represents a finite set of quotient rules; the quotient rules are implicitly in the
system. This advantage may become a disadvantage whenever one forgets that
the rules may be applied non-injective. Additionally, identifications of elements
may only take place, if all elements involved are preserved. This corresponds to
an additional implicit application condition and which is often forgotten.

In general, there are several cases where M-matching is useful, e.g. no identifi-
cation, several cases where A-matching is desired, e.g. arbitrary identification of
preserved elements, several important “mixed” cases, e.g. certain elements are
possibly identified, others are not, and cases which are covered by neither M-
nor A-matching, e.g. arbitrary identification of all elements.

3 A-satisfiability versus M-satisfiability

In this section, we investigate the different satisfiability notions. One may ask
whether A-satisfiability and M-satisfiability are expressively equivalent.

Assumption. We assume that (C, M) is a weak adhesive HLR category with
epi-M-factorizations, that is, for every morphism there is an epi-mono-factori-
zation with monomorphism in M.

There is a transformation from A- to M-satisfiability for morphisms. The con-
struction is a quotient construction on conditions and similar to the transforma-
tion of constraints into application conditions in [3, §].

Theorem 1 (for morphisms: from A- to M-satisfiability). There is a
transformation M on conditions such that, for every condition ¢ over P and
every morphism p: P — G, p EM(c) & p Ea c.

Construction. Let M(c) = VeegI(e,Mc(c)) where the disjunction V. ranges
over all epimorphisms e: P — P’ and, for every epimorphism e: P — P’, the
transformation M, is defined inductively on the structure of the conditions:

o M, (Ja) =Vy3b
pl=——Pr M, (3(a, ¢)) = Va3(b, M (c))
I
@ l (1) {a where (1) is the pushout of the morphisms a: P — C and
b| ¢'=F—C e: P — P'leading to morphisms a’: P’ — C' and e’: C' —
€ C' and the disjunction V4 ranges over all epimorphisms
d\ ¥ d:C" — D such that b = doa’ is in M and f = doe’. For
D Boolean conditions, the transformations are extended in

the usual way.



Proof. By structural induction, we show: For every condition ¢ over P and every
morphism p: P — G, p’ &= Mc(c) & p [Ea c for some epi-M-factorization
p = p’ o e with epimorphism e: P — P’ and monomorphism p’: P — G in
M. For conditions of the form 3(a, ¢) the statement is proved as follows: If. Let
p" = Mf(3(a, c)). Then there is some epimorphism d: ¢’ — D with b = doa’ in M
and f = doe’ such that p’ |= 3(b,My(c)). By definition of M-satisfiability, there
is some ¢': D — G in M such that ¢’ o b = p’ and ¢’ = M.(c). Define ¢ = ¢’ o f.
Then goa = p and, by inductive hypothesis, ¢ =4 ¢. Consequently, p =4 3(a, ¢).
Only if. Let p =4 3(a, ¢). Then there is some ¢: C — G

e such that g oa = p and ¢ 4 c¢. By the universal
pP'=—P property of pushouts, there is some u:C’ — G with
a,l (1) la uoa =p and uoe’ =gq. Let u = ¢’ od be an epi-M-

factorization of u with epimorphism d and monomor-
C/‘Tc phism ¢ in M. Then ¢’ o b = p’. Since M is closed
\ / under decompositions, p’ and ¢’ in M imply b in M.
d ! P By inductive hypothesis, ¢ = My(c). Consequently,
v D g p' = Va3(b,Mf(c)) = Mc(3(a, c)). For conditions of the
q/l form Ja, the proof is similar. For Boolean conditions,
the statement follows from the definitions and the in-
G ductive hypothesis. Consequently, the statement holds
for all conditions.
The statement implies that, for every morphism p: P — G, p | M(c) iff p’ E
M,(c) for some epi-M-factorization p = p’ o e of p with epimorphism e and
monomorphism p’ in M. This completes the proof.

Remark 2. The transformation M in Theorem 1 on conditions is very similar
to the transformation of constraints into application conditions in [3,8] and the
original paper of [10].

Ezample 4. In the category of graphs, the condition ¢ = -3(O — O=0)
. . . . o7 1. 1
with meaning for graph morphisms w.r.t. A-satisfiability “There does not ex-
ist an outgoing edge” is transformed into the condition M(c) meaning w.r.t.
M-satisfiability “There does not exist a proper outgoing edge or a loop”.

M(e) = M(-3(Q — ©=0)) = “M(A(Q — O=0)) = ~ Ve (e, Me(e))
— ~3(1d, Mia()) = ~3(id, 30— 0~0) v 3(0 — )
=~(3(Q - 0~0)v3(0 — B))

As corollary, we obtain a transformation from A- to M-satisfiability for objects.

Corollary 1 (for objects: from A- to M-satisfiability). There is a trans-
formation M* on conditions such that, for every condition ¢ over P and every
object G, G =M*(c) & G E4c.

Proof. Let M*(¢) = AcceMe(c) where £ denotes the set of all epimorphisms
starting from P and M.(c) is as in the construction of Theorem 1. By the defini-
tion of A-satisfiability of objects, epi-M-factorization of morphisms, the proof of



Theorem 1, and the definition of M-satisfiability of objects, we have G |=4 ¢ iff
for all p: P — G, p =4 ciff for all p: P — G with epi-M-factorization p = p’ oe,
P’ = Mc(e) iff for all p’ € M, p’ = AeceMe(c) iff G = M*(c).

FEzxample 5. The condition ¢ = H(O — (}—O) with meaning for graphs w.r.t.
A-satisfiability “For every node, there exists an outgoing edge” is transformed
into the condition M*(c) = H(O — (}—O) v3I(O — <(g))) meaning w.r.t. M-
satisfiability “For every node, there exists a proper outgoing edge or a loop”. The
condition ¢ = 3(O O — O~0O) with meaning for graphs w.r.t. A-satisfiability
“For every pair of nodes, there exists a connecting edge” is transformed into the
condition M*(¢) =3(0O O — O-0O)AIO — 8) meaning w.r.t. M-satisfiability
“For every pair of distinct nodes, there exists a connecting edge and, for every
node, there exists a loop”.

There is a transformation from M- to A-satisfiability for morphisms, provided
that M is strictly closed under decompositions, i.e. go f € M implies f € M.

Theorem 2 (for morphisms: from M- to A-satisfiability). Let M be
strictly closed under decompositions. Then there is a transformation A on con-
ditions such that, for every condition ¢ over an object P and every morphism

p:P—G, pEaAAlc)epEec

Construction. The transformation A is defined inductively on the structure of
the conditions: For a morphism a: P — C' and a condition ¢ over C,

A(Ja) = J(a,inM¢)
A(3(a,¢)) = I(a,inMc A A(c))

where inM¢ = =V, Je is a condition over C' and the disjunction V. ranges over all
epimorphisms e: C — C’ not in M. For Boolean conditions, the transformation
is as usual.

Proof. The property “the match is in M” can be expressed by an application
condition inM¢: For every morphism ¢:C — G, ¢ € M < g =4 inM¢. This
may be seen as follows: If ¢ f£4 inM¢, then ¢ =4 Je for some epimorphism
e:C — C’ not in M. Then there is some ¢': C' — G such that ¢’ o e = q. Then
q is not in M. Otherwise, by the strict closure of M under decompositions, ¢ in
M would imply e in M. If g is not in M, we consider an epi-M factorization
q = q' oe of ¢ with epimorphism e and monomorphism ¢’ in M. Then e is not in
M. Otherwise, by closure of M under compositions, e and ¢’ in M would imply
q in M.

By structural induction, we show the statement of the theorem. For conditions
of the form 3(a, c) we have the following. Only if. Let p = 3(a, ). Then there
is a morphism ¢: C — G in M such that g oa = p and ¢ = ¢. By the inductive
hypothesis and the application condition inM¢ being equivalent to ”match is
in M”, ¢ =4 inM¢ and ¢ =4 A(c). Consequently, p =4 I(a,inMc A A(c)) =



A(3(a,c)). If. Let p =4 A(I(a,c)). Then there is some ¢:C — G such that
goa =7p, q EainM¢, and g =4 A(c). By the inductive hypothesis, ¢ € M and
q = ¢. Thus, p = 3(a, ¢). For conditions of the form Ja the proof is similar. For
Boolean conditions, the statement follows from the definitions and the inductive
hypothesis. This completes the inductive proof.

Ezxample 6. The class M of injective graph morphisms is strictly closed under
decompositions. The condition ¢ = 3(O O — O~0) with meaning for graph
morphisms w.r.t. M-satisfiability “For the two nodes, there exists a connecting
edge” is transformed into the condition A(c) = 3(O O — O~0, -3(0O~0 — 8))
meaning w.r.t. A-satisfiability “For the nodes, there exists a connecting edge and
the endpoints are distinct”.

There is a transformation from M- to A-satisfiability for objects, provided that
M is strictly closed under decompositions and the category has an M-initial
object: In a category C, an object I is initial, if for every object G in C, there
exists a unique initial morphism i: I — G. In a weak adhesive category (C, M),
an object I is M-initial if I is initial in C and the initial morphisms are in M.

Corollary 2 (for objects: from M- to A-satisfiability). For weak adhesive
HLR categories with M-initial object and M strictly closed under decomposi-
tions, there is a transformation A* on conditions such that, for every condition
¢ over an object P and every object G, G =4 A*(¢) & G E ¢

Proof. Let A*(¢) = V(i,inMp = A(c)) where V(a,d) abbreviates the condition
—3(a,~d) and i denotes the unique morphism from the initial object I to P in
M. By the definition of M-satisfiability, Theorem 2, the property of inMp, and
the definition of A-satisfiability for objects, we have G = ¢ iff for all p: P — G
in M, p Eciff for all p:P — G, p E4 inMp implies p E4 A(c) iff for all
p:P — G, plEainMp = Ae) iff for j: 1 — G in M, j 4 V(i,inMp = A(c))
iff G E4 V(i,inMp = A(c)) iff G Ea A*(c).

Ezample 7. The category (Graphs, M) has an M-initial object: the empty

graph, denoted by 0. The condition ¢ = 3(O O — O~0O) with the meaning for
graph morphisms w.r.t. M-satisfiability “Every pair of distinct nodes is con-
nected by an edge” is transformed into the condition

A* () =¥(0 — 00,-3(00 — 0) = IO O — 00, ~I(0~0 — 3))

meaning w.r.t. A-satisfiability “For every pair of nodes, whenever the nodes are
distinct, then there is a connecting edge (and the endpoints are distinct)”.

By Theorems 1 and 2 and Corollaries 1 and 2 we obtain the following corollary.

Corollary 3. For weak adhesive HLR categories with epi-M-factorizations, M-
initial object, and M strictly closed under decompositions, A-satisfiability and
M-satisfiability are expressively equivalent.



Remark 3. The equivalence result is valid for nested constraints and application
conditions [8]; it is not valid for plain constraints in the sense of [3].

Finally, we present two transformations of conditions over morphisms, i.e. given
a morphism e: P — P’, then the transformation transforms conditions over P
into conditions over P’.

Lemma 1 (from A- to A-satisfiability). For every (epi)morphism e: P — P’,
there is a transformation AA. such that, for every condition ¢ over P and every
morphism p': P! — G, p' Ea AAc(c) & poefac.

Construction. For a morphism e: P — P’; the transformation AA. is defined
inductively on the structure of the conditions:

AA.(Fa) = dd’
AA.(F(a,¢)) = 3(a', AAu ()

where (1) is the pushout of the morphisms a and e leading to the morphisms
a:P'" — (" and €:C — C’. For Boolean conditions, the transformation is
extended in the usual way.

Proof. By structural induction. For conditions of the form 3(a, ¢), the statement
is proved as follows: If. Let p’ =4 AAc(3(a,c)). Then there is some ¢': C' — G
such that ¢’ oo’ = p’ and ¢’ Ea4 AAo (c). By inductive hypothesis, ¢’ o€’ =4 ¢
Then ¢’ o€’ 0o a = p’ o e. Consequently, p’ oe =4 3(a, ).

Ounly if. Let p’ o e 4 F(a,c¢). Then there is some
¢:C — G such that goa = p’oe and q 4 ¢ By
the universal property of pushouts, there is a morphism
q:C" — G such that ¢’ oa’ = p’ and ¢ 0o e’ = gq.
By inductive hypothesis, ¢’ E4 AA. (c). Consequently,
P Ea d,AA(c)) = AA.(3(a,c)). For conditions of
the form Ja, the proof is similar.

For Boolean conditions, the statement follows from the definitions and the in-
ductive hypothesis. Consequently, the statement holds for all conditions.

Ezample 8. Given the condition ¢ = -3(0 O — O~O) with the meaning for
graph morphisms w.r.t. A-satisfiability “There does not exist a connecting edge”
and the epimorphisme: O O — O, AA.(c) = -3(0O — 8) is the condition with
the meaning “There does not exist an attached loop”.

Lemma 2 (from M- to M-satisfiability). For every epimorphism e: P — P’,
there is a transformation MM, such that, for every condition ¢ over P and every
morphism p': P' — G in M, p' |EMM,(c) & p'oe = c.



Construction. For every epimorphism e, the transformation MM, is defined in-
ductively on the structure of the conditions: MM, (Ja) = Ja’ and MM, (3(a, c))
= 3(a,c) if e is the epimorphism of an epi-M-factorization e o @’ = a and
MM, (Ja) = MM, (3(a, ¢)) = false otherwise. For Boolean conditions, the trans-
formation is extended in the usual way.

Proof. By structural induction. For conditions of the form 3(a, c¢), the statement

is proved as follows: If. Let p’ = 3(d’, ¢) for some epi-M-factorization a = a’oe of

a. Then there is some ¢’: C' — G in M such that ¢'oa’ = p" and ¢’ | ¢. Moreover,

¢ oa = p’ oe. Consequently, p’ o e = J(a,c). If e is not the epimorphism of an

epi-M-factorization of a, we have p’ £ MM, (3(a, ¢)) = false and p’ oe - J(a, ¢).
P

pr<=-—p "a=p
e
A /o A, o
% C P p C p
i/ "\
G G

Only if. Let p’ oe = 3(a, ¢). Then there is some morphism ¢: C' — G in M such
that g o a = p and ¢ = ¢ and some morphism ¢’: P” — G in M with ¢ =god'.
Whenever a’ o ¢’ is an epi-M-factorization of a, ¢’ o ¢’ is an epi-M-factorization
of p = p’ o e. By the uniqueness of epi-M-factorizations, we have e = ¢’ and
p' = ¢’ (up to isomorphism). Then p’ = ¢’ = 3(a’, ¢). For conditions of the form
Ja, the proof is similar. For Boolean conditions, the statement follows from the
definitions and the inductive hypothesis. Consequently, the statement holds for
all conditions.

P/

N

Ezample 9. The condition ¢ = 3(O O — 8) with the meaning for graph mor-
phisms w.r.t. M-satisfiability “One of the nodes is connected by a loop” is
transformed over the surjective graph morphism e: O O — O into the condi-
tion MM, (¢) = 3(O — O) with the meaning “The node has an attached loop”.
The condition ¢ = 3(O O — O+~0) with the meaning for graph morphisms
w.r.t. M-satisfiability “For the two nodes, there exists a connecting edge” is

transformed into the condition MM, (¢') = false with the meaning “Not satisfi-
able”.

By Lemmas 1 and 2 and Theorems 1 and 2 we obtain the following corollary.

Corollary 4 (from A- to M and M- to A-satisfiability). For every epi-
morphism e: P — P’, there are transformations AM, and MA,. such that, for
every condition ¢ over P and every morphism p": P — G in M, p' = AM.(c) &
poeEgcand p' =4 MA (c) & poelc.

Construction. For every epimorphism e: P — P’  let AM, = Mo AA, and
MA, = A o MM,.

10



4 A-matching versus M-matching

The definition of a direct derivation allows A-matching as well as M-matching.
One may ask whether A-matching and M-matching are expressively equiva-
lent. We establish a Simulation Theorem saying that any direct derivation with
arbitrary matching can be simulated by a direct derivation with M-matching.
This extends the Simulation Theorem in [7] to weak adhesive HLR categories
with epi-M-factorizations and makes use of so-called quotient rules and epi- M-
factorizations of morphisms and direct derivations.

Recall that a direct derivation G' = (g ac),m,m+ H in (X,Y) with X, Y in {A, M}
is a direct derivation G =4 . m+ H with m € X, m =y acr, and m* =y acg.

Theorem 3 (from A- to M-matching). For every Y € {A, M}, there is a
transformation Qy from rules into sets of rules such that, for every rule p,

G =y H in (AY) if and only if G =q, (») H in (M,Y).

Construction. For a rule ¢ = (L «— K — R), the rule ¢/ = (L' — K’ — R/) is
a quotient rule of q if there are two pushouts of the form

L<—K—R
(e e
'~—K—=R

where the vertical morphisms are epimorphisms. For a rule p = (g,ac) with
application condition, Q 4(p) is the set of rules p’ = (¢/, ac’) where ¢’ is a quotient
rule of ¢, ac), = AAc(acr) and ac, = AAc-(acr). Qam(p) is the set of rules p’ =
(¢',ac’) where ¢’ is a quotient rule of ¢, ac), = MM, (acr,), and ac, = MM~ (acr).

Proof. Let G = . n+ H be a direct derivation in (M,Y) through p’ = (¢/, ac’)
in Qy (p) with ¢/ = (L' — K’ — R’) and ac’ as in the construction. Then the dia-
grams (1), (2), (1’) and (2’) in the figure below are pushouts. By the Composition
Lemma of pushouts valid in every category, the composed diagrams (1)+(1") and
(2)+(2’) are pushouts as well. Hence, there is a direct derivation G =¢ p m- H in
(AY). By assumption, n =y ac}, and n* |y acl. By Lemma 1 [2], m =y acp,
and m* =y acg. Thus, G = ;m.m+ H is a direct derivation in (A,Y).

L<—K——R
o |
{i5iet)-
G=~—D—H



Vice versa, let G = m+ H be a direct derivation in (A,Y") through p = (g, ac)
with ¢ = (L « K — R). Let m = noe an epi-M factorization of m with
epimorphism e: L — L’ and monomorphism n: L' — G in M. Then there is a
decomposition of the original diagrams into diagrams (1) and (1), (2) and (2’) as
follows: Construct K’ as a pullback object of L' — G «— D and denote the dia-
gram by (17). By the universal property of pullbacks, there is a unique morphism
e': K — K’ such that K — K’ — D = K — D and diagram (1) commutes. By
the pushout-pullback decomposition, (1’) and (1) are pushouts. Now construct
R’ as the pushout object of K’ «— K — R and denote the diagram by (2). By
the universal property of pushouts, there is a unique morphism n*: " — H such
that R — R’ — H = R — H and diagram (2’) commutes. By the Decomposition
Lemma for pushouts valid in every category, diagram (2’) is a pushout. Since
epimorphisms and M-morphisms are closed under pullbacks and pushouts, the
vertical morphisms e, €/, and e* are epimorphisms and the vertical morphisms
n, n/, and n* are in M. Then ¢’ = (L’ «— K’ — R’} is a quotient rule of ¢ and
p' = (¢',ac’) with ac’ = (AA.(acp), AAc«(acr)) [(MMc(acr), MM« (acg))] is a
quotient rule or p in Q4(p) [Qam(p)]. By Lemma 1 [2], G = o+ H is a direct
derivation in (M, A) [(M, M)]. This completes the proof.

Remark 4. The construction and proof for the transformation @ of rules in The-
orem 3 is very similar to transformation of right- to left application conditions
in [3,8].

Ezample 10. Consider the rule p = {q,ac) with ¢ = (OO «— O O — O~0) and
ac, = -3(0O O — O~0) with (A, Y)-meaning “Add a connecting edge, provided
there does not exist one”. Then p’ = (¢’,ac})) with ¢ = (O «— O — 8> and
acp, = -3(0 — 8) is a rule in Q4(p) with (M, A)-meaning “Add a loop at
the node, provided there does not exist one”. Furthermore, p” = (¢’,ac}) with

acy = false is a rule in Qaq(p) with (M, M)-meaning “Never add a loop at the
node”.

We can simulate M-matching by A-matching by using the application condition
inM which is satisfied iff the match is in M.

Theorem 4 (from M- to A-matching). Let M be strictly closed under de-
compositions and Y € {A, M}. Then there is a transformation R on rules such
that, for every rule p, G =, H in (M,Y) iff G =g H in (AY).

Construction. For every rule p = (g, ac), let R(p) = (g, ac’) with
ac’ = (inMy, A ac,inMpg A acgr).
Proof. By the proof of Theorem 2, the property “the match is in M” can be

expressed by the application condition inM. Thus, for every rule p, G =, H in
(M,Y) if and only if G =g, H in (A,Y).
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Ezample 11. Consider the rule p = (g,ac) with ¢ = (OO <« OO — O=0)
and acy = -3(0 0 — O~0) with (M,Y)-meaning “Add an edge between
distinct nodes, provided there does not exist a connecting edge”. Then R(p) =
(¢,3(0 O — O) Aacy) is a rule with (4,Y)-meaning “Add an edge between
the nodes, provided the nodes are distinct and there does not exist a connecting
edge”.

As a consequence, we obtain transformations for all possible kinds of direct
derivations.

Corollary 5. For weak adhesive HLR categories with epi-M-factorizations
and M strictly closed under decompositions and tuples ¢t = (X, Y, X' Y’) €
{A, M}*, there is a transformation Q; such that, for every rule p,

G =, H in (X,Y) if and only if G =q,,y H in (X', Y”).

Proof. The transformation results follow directly from the transformation results
on matching and satisfiability.

Finally, we obtain the following corollary.

Corollary 6. For weak adhesive HLR categories with epi-M-factorizations and
M strictly closed under decompositions, A-matching and M-matching are ex-
pressively equivalent.

5 Conclusion

We have shown that all notions of matching and satisfiability have their advan-
tages and disadvantages and, for weak adhesive HLR categories with epi- M-
factorizations, M-initial object, and M strictly closed under decompositions,

— A-matching and M-matching
— A-satisfiability and M-satisfiability

are expressively equivalent. The equivalence results are valid for nested con-
straints and application conditions in the sense of [8]; they are not valid for
(basic) constraints in the sense of [3]. We have presented some transformation
results for application conditions, plain rules, and rules with application condi-
tions.

For application conditions:

from A- to M-satisfiability = Theorem 1
from M- to A-satisfiability = Theorem 2
AA, from A- to A-satisfiability =~ Lemma 1
AM, from A- to M-satisfiability = Corollary 4
MA, from M- to A-satisfiability = Corollary 4
MM, from M- to M-satisfiability Lemma 2

=
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For plain rules:
Q from A- to M-matching Theorem 3
R from M- to A-matching Theorem 4
For rules:
from (X,Y) to (X', Y') Corollary 5

This allows to switch from every combination of X-matching and Y-satisfiability
to every other combination of X’-matching and Y’-satisfiability and may be the
basis of a converter.

rule rules

X-matching for X’-matching
Converter ’ . -
Y -satisfiability & Y'-satisfiability

Summarizing, A-matching as well as M-matching are adequate matching notions
and A-satisfiability as well as M-satisfiability are adequate satisfiability notions.
Nevertheless, we propose to consider either A-matching and .A-satisfiability or
M-matching and M-satisfiability.

— The combination A-matching and M-satisfiability does not fit well together:
Conditions of the form ¢ = Ja or J(a,c) are only satisfiable by morphisms
with a certain degree of identifaction that depends on a. In fact, if a is an
M-morphism, m = ¢ implies m in M.

— In the case of A-matching and A-satisfiability, the transformation from con-
straints to application conditions is more simple and natural than the one
for A-matching and M-satisfiability. The same holds for a transformation
from application conditions to constraints. However, no direct transforma-
tion from right into left application conditions (L) is known, just the junction
of A o L oM requiring that the category has an M-initial object and M is
strictly closed under decomposition.

— In the case of M-matching and M-satisfiability, the transformations from
constraints to application conditions, from application conditions to con-
straints, and, consequently, the construction of weakest preconditions for
high-level programs [9], are simpler and more intuitive than the one of A-
matching and M-satisfiability.

Considering the above and the fact that M-matching is the more explicit match-
ing notion, our choice is M-matching and M-satisfiability.

Further topics will be the followings.

(1) Comparison of notions: A comparison of conditions — as considered in this
paper — and first-order formulas on graphs and high-level structures.

(2) Extensions of the theory: The investigation of weak adhesive high-level re-
placement systems with merging similar to the investigation of graph re-
placement systems with merging as in [7].

14



(3) Implementation: A system for converting conditions and rules with one kind

of matching and satisfiability into conditions and rules with the implemented
kind of matching and satisfiability.
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